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Abstract: This paper investigates the application of evolutionary algorithms (EAs) for
the fuel-optimal low-thrust formation flying trajectory optimization (FFTO) under the two
control direction constraints based on the Clohessy-Wiltshire equations. First, by
applying the Pontryagin’s maximum principle, the first-order necessary optimality
conditions are derived, which allow for using the initial costates to parameterize the
FFTO problem. The search space of the initial costates is determined by enlarging the
initial costates of the associated optimal impulsive trajectory. A penalty method is
adopted by the EAs to find the optimal solution that satisfies the equality constraints
presented in the shooting function. To settle the control discontinuity when propagating
the trajectories, an integrator equipped with events detection technique is adopted to
automatically determine the switching times according to the switching function. Finally,
numerical examples are given to illustrate the performance of the method.
Keywords: Formation Flying, Evolutionary algorithms, Low-thrust
Optimization, Impulsive Optimal Trajectory, Two Thruster Configurations.
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1. Introduction
Formation flying is defined as a set of more than one satellite in which any of the
satellite dynamic states are coupled through a common control law [1, 2]. It has been
identified as an enabling technology for many future space missions, such as distributed
aperature radar, virtual co-observation and stereo-imaging platforms for space science,
and Earth observing, et al. The functionality of a single complex satellite can be
distributed between a cluster of smaller closely satellites flying in formation. It enables
the enhanced mission through the increase resolution of scientific observations,
improve flexibility and redundancy, be real-time reconfigurable, adapt to highly dynamic
demands, and lower life cycle costs. In an environment in which refueling is not possible
and it is necessary to reduce the overall weight of the formation satellites, optimization
of the fuel consumption can greatly influence the operational life of the formation. For
this reason, low-thrust propulsion is becoming quite popular as it is characterized by a
high value of specific impulse, allowing a reduction of the amount of propellant needed
for the optimal trajectory control [3].
In general, numerical optimization methods can be classified as deterministic or
heuristic methods. Deterministic methods are gradient-based methods, which assume
the continuity and differentiability of the objective function to be minimized and can be
further divided into direct methods and indirect methods [4, 5]. Direct methods

1

transcribe the optimal control problem into a parameter optimization problem, which is
solved by using optimization techniques. Direct methods are supposed to be more
robust, but with a relatively low precision. Indirect methods use Pontryagin’s maximum
principle (PMP) to derive the first-order optimality conditions of the optimal control
problem, which lead to a two-point boundary-value problem (TPBVP) that is solved by
means of shooting methods [4]. Indirect methods have a higher precision but require the
addition of the costates and their governing equations. Meanwhile, costates are nonphysical quantities, it is very nonintuitive to estimate [4, 6]. If poorly provided, the
resulting trajectories may be so wild that the intervening variables often exceed the
numerical range of the computer [4, 6]. Betts [4] gave an excellent survey of the direct
methods and indirect methods for trajectory optimization. Deterministic methods are
gradient based optimization methods; they are local in nature and can search only the
convex neighborhood around the initial guess. Therefore, the optimal solution gained is
very sensitive to the initial guess and require the identification of a suitable first attempt
solution in the region of convergence, which is unknown a priori and is strongly
problem-dependent.
In the last decade, the heuristics methods, also referred to as evolutionary algorithms
(EAs), have been successfully applied in aerospace applications. EAs are numerical
optimizers that determine an optimal set of discrete parameters that has been used to
parameterize the problem solution. The most popular class of these techniques is
represented by genetic algorithms (GAs) [7], differential evolution (DE) algorithms [8, 9],
and particle swarm optimization (PSO) algorithms [10, 11], et al. The general intent of
the EAs is to improve over the pure grid or enumerative search. EAs have two principal
advantages over all of the deterministic methods that 1) they require no initial “guess” of
the solution (only the search space of the unknown decision variables are needed) and
2) they are more likely than other deterministic methods to locate a global minimum in
the search space rather than be attracted to a local minimum. EAs are better suited to
the optimization of impulsive trajectories, which can be described by a limited number of
variables. Bessette and Spencer [12] employed the PSO for impulsive interplanetary
trajectory optimization. Sentinella and Casalino [13] based on the GA, DE, and PSO,
and run the three optimizers in parallel to optimize the multiple-impulse rendezvous
trajectories and Earth-to-Mars round trip missions. Pontani and Conway [14] applied the
PSO to impulsive orbital transfers.
For low-thrust trajectory optimization, the large number of variables required to describe
the trajectory with sufficient accuracy makes the use of EAs for this kind of optimization
problem less attractive. Recently, a number of papers focus on using EAs for low-thrust
trajectory optimization [15-19]. To apply the EAs in searching for the low-thrust global
optimal trajectories, a common way is adopting certain methods to parameterize the
control profile, such as the B-splines [5, 18, 19] or polynomial function [17]. In Ref. [15],
a time-optimal low-thrust trajectory is found by GA, where the thrust-pointing angle in
each segment of the trajectory is assumed to be a constant. Ref. [16] broken the orbit
transfer problem into segments, which are determined more or less at random, and the
GA is applied to solve the near-optimal solutions. Though control parameterization
methods avoid the large number of optimization variables and the derivation of the
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analytical first-order necessary optimality conditions, the solution found is properly nearoptimal, in the sense that it is the minimizing solution within the class of functions used
to represent the control.
This paper focuses on the application of the PSO for fuel-optimal low-thrust formation
flying trajectory optimization, the differences of the method are mainly in: 1) The PMP is
used to derive the first-order necessary optimality conditions, which converts the
continuous optimal control problem exactly into a parameter optimization problem in the
initial costates. The control profile is determined by the costates indirectly, which would
avoid the near-optimal solution when assuming constant thrust-pointing angle [15] or
adopting the B-splines [5, 18, 19] or polynomial function [17] to parameterize the control
profile; 2) The search space of the initial costates is determined based on the
associated global fuel-optimal impulsive trajectory; 3) The control structure is not fixed a
prior, but determined automatically. This could explore the possible control structures to
obtain the global optimal solutions.
The remainder of this paper is organized as follows. In Sec. 2, the fuel-optimal lowthrust trajectory optimization problems are stated. The PSO is briefly reviewed in Sec. 3.
In Sec. 4, Performance of the PSO is analyzed by simulating typical formation flying
reconfiguration problems. Conclusions are drawn in Sec. 5.
2. Fuel-Optimal Low-Thrust Formation Trajectory Optimization Problems
2.1. Relative Dynamic Equations
Assuming that there are no orbital perturbations, the linear formation flying relative
dynamics motion near circular reference orbit can be stated by the well-known
Clohessy-Wiltshire equations [21], which are set up in the chief satellite’s local-verticallocal horizontal (LVLH) frame. Denote  as the chief’s true anomaly, then, by taking 
as the independent variable, the relative motion of the deputy with respect to the chief in
the chief’s LVLH frame is given by
x  3x  2 y  u x
y  2 x  u y

(1)

z   z  u z

where x , y , and z are the radial, along track, and out-of-plane positions, respectively.
ux , u y , and uz are the components of the unit control direction; ( ' ) denotes the
derivative with respect to the chief’s true anomaly; and   Tmax (mn 2 ) with m and n are,
respectively, the deputy’s mass and chief’s orbital angular velocity; Tmax is the
maximum thrust magnitude.
Denote x  [ x, y, z, x, y, z]T and u  [ux , u y , uz ]T as the state and control direction vectors,
respectively. Equation (1) can be stated in a matrix form as
3

x  Ax  Bu

(2)

where the matrices A and B are given by

0
0

0
A
3
0

0

0 0 1
0 0 0
0 0 0
0 0 0
0 0 2
0 1 0

0
1
0
2
0
0

0
0 0 0

0 0 0
0


0 0 0
1
, B  

0
 0 0 
0  0
0



0
0 0  

(3)

The homogeneous function of Eq. (2) has stable solutions. Two typical stable
configurations considered in this paper are [21]
1) The general circular orbit (GCO). In the GCO, the deputy and chief satellites
maintain a constant separation from each other. The formation is mathematically
defined as x 2  y 2  z 2   2 ,  is the formation radius. The position vector is given by


sin(   ) 
 x
 y     2 cos(   ) 

  2


 z 
 3 sin(   ) 

(4)

2) The projected circular orbit (PCO). In the PCO, the deputy and chief maintain a
fixed relative distance only on the y z plane. The formation is mathematically defined
as y 2  z 2   2 . and the position vector is given by

 x
 sin(   ) 
 y     2cos(   ) 
  2

 z 
 2sin(   ) 

(5)

The low-thrust formation control problem can be stated as
1

x1  Φ( 1 )Φ( 0 ) 1 x0  Φ( 1 )  Φ( ) 1 Bud
0

(6)

where  0 and  1 are the initial and terminal true anomalies; x 0 and x1 denote the initial
and terminal states, respectively; Φ( ) is a fundamental matrix solution associated with
 and Φ( )1 is the inverse matrix. The expression is given by
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2.2. Fuel-Optimal Low-Thrust Control Problem
In this paper, two constraints on the control direct vector are considered

1  uk  1, k  x, y, z

(8)

u 2  ux2  u y2  uz2  1

(9)

Equation (8) implies the admissible control lies within a cube, while Eq. (9) implies the
admissible control lies within a sphere. Then, the mass variation equation yields
m  km u j , j  1, 2

(10)

where km   Tmax (nve ) , ve  I sp g 0 , g 0  9.80665ms2 is the gravitational acceleration; I sp
is the specific impulse; and 

j

denotes the L j norm of a vector.

The performance index of the fuel-optimal control problem that has to be minimized is
J 

1

0

u j d , j  1, 2

(11)

where j  1 is associated with the control constraint in Eq. (8) and j  2 is associated
with the control constraint in Eq. (9).
Define   [x , y , z , x , y , z ]T and m as the costates associated with x and m ,
respectively. In the view of the dynamic equations presented in Eqs. (2) and (10), the
Hamiltonian function for the low-thrust trajectory optimization problem with the
performance index in Eq. (11) is defined as
H  u

j

  x + λm m

By applying the PMP, the costates’ differential equations yields
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(12)

     

(13)

1 
 Bu
m

(14)

  Φ( )T c

(15)

m 
The solution of  is given by

where c  R 61 is a nonzero constant vector to be determined.
Define p  [ px , py , pz ]T  BT  as the primer vector. By applying the PMP, the optimal
control u* of the fuel-optimal low-thrust FFTO problem for j  2 , denoted as
p


, if p 2  0

p2
u*  
 0 ,
if p 2  0
 31

where the thrust magnitude ratio

2

, yields

(16)

is given by

if s  0
 1,

   0,
if s  0
 [0,1], if s  0


(17)

and s is the switching function, defined as

s  1  m km  p 2

(18)

Define b  1  m km , the optimal control u * of the fuel-optimal low-thrust FFTO problem
for j 1 , denoted as
1) If b 0

1

, yields

if pk  b
 1,

1,
if pk  b

*
uk  
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k

u
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0
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(19)

if pk  0
 1,

u   1,
if pk  0
u  [0,1], if p  0
k


(20)

if pk  0
 1,

u   1,
if pk  0
{1,1}, if p  0
k


(21)

*
k

3) If b

0

*
k

Till now, the optimal controls for the fuel-optimal low-thrust FFTO problem under the two
control direction constraints have been given. As can be seen, the optimal controls are
completely determined by  and m that integrated from the given constant vector c
and m0 . The terminal mass is left to be free, then terminal value of m , denotes as m1 ,
must be zero. Let x1 denote the terminal state obtained by integrating the state-costate
differential equations with the control u in Eq. (6) be replaced by u * . The optimal
control problem has been reduced to find the initial costates that satisfy the following
shooting function

S (c, m0 )  [ x1  x1; m1 ]  071

(22)

This is a typical TPBVP and several existing difficulties make the solution of the TPBVP
formidable to obtain.
1) The shooting function may not be defined everywhere, and may be singular or
non-differentiable at some points. The convergence theorems for Newton’s
method require the equations to be twice continuously differentiable and require
their Jacobian matrix to be non-singular in the vicinity of the solution. Newton’s
method often fails to converge in the case of non-smooth equations.
2) The optimal control assumes the “on-off” form. The switching number and
switching dates, which are completely problem dependent, are not known a prior
and only can be determined when the optimal solutions have been found.
3) The shooting function is very sensitive to the initial costates. However, the
costates have non-physical interpretations; it is very nonintuitive to estimate.
2.3. Framework of the solution method
To overcome the difficulties, the EAs are applied to solve the initial costates that satisfy
the shooting function. EAs are heuristic based optimization methods and no gradient
information is needed. Thus, the singularity or non-differentiability of the shooting
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function at some points will have no affection. The “ode45” integrator of MATLAB with
its “events” function is adopted to propagate the trajectory and automatically detect the
switching times according to the switching function, see Eqs. (16-21), and this would
avoid a prior assumption of the control structure.
In designing the optimal trajectory, the computational cost mainly comes from 1) a
relatively high cost in trajectory propagation (simulation of a trajectory) and 2) the
number of trajectories that have to be iterated in finding the optimal solution [20]. Note
that, the costate  has analytical expression and is independent with x , m , and m ,
see Eq. (15) , thus only the differential equations of x , m , and m need to be
propagated during the optimization. For the optimization of the EAs, the number of the
trajectories propagated is large. Then, combining this property into the trajectory
propagation would reduce nearly 50% of the computational cost. For problem 2 , the
trajectory propagation algorithm is given in Fig. 1. For problem 1 , the trajectory
propagation algorithm is almost the same and is not given; only pay attention to the
differences of the optimal controls in Eqs. (19-21)
01: Set the initial conditions  T   0 and X ( 0 )  [ x0 ; m0 ; m0 ] .
02: If s( 0 ) 0 , then set flag  1 ; else set flag  1 .
03: Do
04: If flag  1 , then set flag  0 . (thrust arc)
05:
Integrate X( ) on [ T , 1 ] to find that satisfies

| s   |  ,    T ,1  , and set flag  1 ,  T   .
07: If flag  1 , then set flag  0, m  m  0 . (coast arc)
08:
Analytically propagate x, to that satisfies
09:
| s   |  ,    T ,1  , and set flag  1 ,  T   .
10: If flag  0 , then the terminal states are obtained,
11:
i.e., X (1 )  [ x1; m1; m1 ] . Break.
12: End Do (  is the precision tolerance.)
Figure 1. Trajectory Propagation Algorithm
06:

3. Particle Swarm Optimization for the Low-Thrust FFTO
3.1. Particle Swarm Optimization
PSO is a population-based stochastic optimization technique, inspired by the social
behavior of bird flocking or fish schooling [10]. With some abuse of notation, let χ j ,G
denote the j th particle of the G generation when searching in a D-dimensional
hyperspace, i.e., χ j ,G  {c, λm0 } j ,G . It is associated with a velocity vector υ j ,G . Suppose
each particle “remembers” its historical best position χ jB ,G and “knows” the best
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position χ B,G ever visited by the entire swarm. Then the position and velocity vectors
are iteratively updated according to

υ j ,G 1  cI υ j ,G  cC  χ jB ,G  χ j ,G   cS  χ B,G  χ j ,G 

(23)

χ j ,G 1  χ j ,G  υ j ,G 1

(24)

where cI , cC , and cS are called the initial, cognitive, and social (stochastic) scaling
factors, respectively. Their expressions are given by [14]

cI 

1  r1  0,1 
, cC  1.49445r2  0,1  , cS  1.49445r3  0,1 
2

(25)

where r1  0,1  , r2  0,1  , and r3  0,1  represent three independent random numbers with
uniform distribution between 0 and 1. The particles’ velocities are limited to a fixed lowupper bound, that equal to one-quarter of the respective positions’ variation range [23].
In this paper, the initial costates of the impulsive optimal solution of the FFTO problem
are enlarged to determine the search space of the particle’s position vector.
3.2. Handling of the Shooting Function Constraint
EAs always perform unconstrained search. When solving constrained optimization
problems, they require additional mechanisms to handle constraints. Constrained
optimization problems are generally more difficult to solve than unconstrained ones.
Constraint handling methods can be found in Refs. [24] and [25].
Since the initial costates are used as the decision variables, the equality constraints of
the shooting function have no direct effect on the search space. Meanwhile, the
associated global optimal impulsive solution can provide a reasonable search space
that guarantees the convergence. Then, to handle the equality constraints in the
shooting function, in this paper, a penalty modified performance index is adopted
J ( χ j ,G )  J ( χ j ,G )  p( χ j ,G )
(26)
The penalty function p ( χ j ,G ) in Eq. (26) is defined as

p( χ j ,G )  S ( χ j ,G )

2

(27)

In this paper, the units of position is in “km” and units of velocity is in “km/rad”. Then,
when p( χ j ,G )  0.001 , the position violation approaches 1 m and velocity violation
approaches 1 mm/s.
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However, PSO may suffer the defect of convergence speed and accuracy because the
heuristic mechanism, especially when the objective function is very sensitive to the
initial costates. Thus, to speed the convergence of the PSO, the nonlinear solver
HYBRD/HYBRJ is adopted to perform a local search for the particle that satisfies
pM  p( χ B,G )  0.02 and p( χ B,G )  0.5 , where pM denotes the mean penalty of the
current generation.
4. Numerical Examples
The GCO to PCO reconfiguration problem is considered. The deputy’s initial mass is
m0  50 kg. The thruster parameters are Tmax  0.1 N, I sp =1000 s. The initial and
terminal true anomalies are  0  0 and 1  2 . The deputy’s initial state on the GCO is
x0  [0,1, 0, 0.5, 0, 3 2]T ; the terminal state on the PCO is x1  [0, 2, 0,1, 0, 2]T .

For the 2 problem, the fuel optimal impulsive and low-thrust reconfiguration trajectories
are depicted in Fig. 2. Variation ranges of the decision variables are set as
c  2[ || c ||,|| c ||] , λm0  [0,1] , c is the impulsive results. The initial costates for the
impulsive and low-thrust trajectories are presented in Table 1. The results gained are
almost the same as using the homotopic approach in Ref. [22]. Compared with Ref. [22],
the method in this paper is much more simple and direct. However, the counterpart is
that the computational cost is relatively higher. Time history of pM  p( χ B,G ) during the
PSO optimization is depicted in Fig. 3.
Table 1. Costates for the Impulsive and Low-Thrust Trajectories for 2
Trajectories
λm0
Nonzero Constant Vector c
[ 7.53e-16;-0.403442;-1.48e-15;-4.09e-18;-1.19e-18;-0.915005]
×
2 , Imp.*
, Low*

[-0.062523;0.003317;8.664e-7;-0.227678;-0.031262;-0.516624]
Imp.* refers to the impulsive trajectory and Low* refers to the low-thrust trajectory.
2

0.013928

For the 1 problem, the fuel-optimal impulsive and low-thrust reconfiguration trajectories
are depicted in Fig. 4. The fuel-optimal impulsive and low-thrust trajectories are almost
the same, the differences shown in Fig. 4 are tiny. Simulation results found that, using
the PSO directly to find the optimal c that satisfies the shooting function is difficult and
the PSO may not be able to converge to a suitable value that for the HYBRD/HYBRJ
optimizer. Meanwhile, as the impulse number, directions, and axes can be determined
easily from the PSO, then the “fmincon” function of MATLAB can be used to optimize
the thrust times of each thrust arc. The initial estimated thrust times are gained from the
Ziolkovsky formula. The results of the fuel-optimal impulsive and low-thrust
reconfiguration trajectories are given in Tables 2-4, respectively. In Tables 2-4, the
negative sign means that the corresponding impulse is applied along the negative
impulse axis.
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Note that, for the 1 problem, the z direction motion and impulses are both independent
from the xy plane motion and impulses. Thus, analytical solutions exist and the z
direction impulses can be applied when z  0 . For the reconfiguration problem
considered in this paper, the z direction impulses can be divided into seven cases as
given in Table 3, where k  [0,1] and a, b, c  [0,1] , a  b  c  1. In Table 4, the 7th case
of the z -plane is adopted; by setting k  0.5, a  c  0.25, b  0.5 and use the resulting
impulse magnitude to estimate the thrusting times.
Table 2. Fuel-Optimal Impulsive Reconfiguration of the xy-plane for 1
Impulse Number
Impulse Time
Axis
Impulse Magnitude
y
1
0
0.055103
y
2
1.789776
-0.128058
y
3
4.493409
0.128058
y
4
-0.055103
2
Table 3. Fuel-Optimal Impulsive Reconfiguration of the z-plane for 1
Cases
Impulse Time
Axis
Impulse Magnitude
1
0
1.133974
z

2
-1.133974
z
3
1.133974
2
z
{ 1.133974k , 1.133974(1  k ) }
{0,  }
4
z
{ 1.133974k , 1.133974(1  k ) }
{0, 2 }
5
z
{ 1.133974k , 1.133974(1  k ) }
{  , 2 }
6
z
{0,  , 2 }
{ 1.133974a , 1.133974b , 1.133974c }
7
z
Table 4. Fuel-Optimal Low-Thrust Reconfiguration Results for
Thrust Arc
1
2
3

Axis
y

4
5

-y

Thrust Arc Times
[
0, 0.030921]
[1.762363, 1.834317]
[4.448880, 4.520828]
[6.252274, 2
]

-y
y

6

z
-z

7

z

[

0, 0.158526]

[2.983091, 3.300115]
[6.124687, 2
]
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1

Figure 2. Fuel-Optimal Reconfiguration Trajectories for

Figure 3. Time History of the Penalty Function for

12

2

2

Figure 4. Fuel-Optimal Reconfiguration Trajectories for

1

5. Conclusions
In this paper, the particle swarm optimization technique was used to obtain the fueloptimal low-thrust reconfiguration trajectories for formation-flying satellites. Numerical
examples found that fuel-optimal impulsive solutions can provide a suitable search
space of the initial costates. In the general cases, for the control direction within a
sphere, simulation results also shown that the PSO can not converge to an accurate
solution that satisfies the shooting function. The probably reasons are that, the shooting
function is very sensitive and the magnitudes of the initial costates are quit different
from each other. However, the PSO can always converge to a suitable solution, with
which the HYBRD/HYBRJ optimizer could converge to the optimal solution accurately
and quickly.
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